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Abstract
Boris Shapirovskii posed the following question: “Suppose a continuous mapping from one compact space onto another is given.
Suppose that the π -character of any point in the domain is greater than the weight of the target space. Will there be two disjoint
closed sets in the domain mapping onto?”. There is a zero-dimensional counterexample (Corollary 12), but the one cardinal up
version is true in zero-dimensional case (Corollary 14). Nevertheless, there always will be two disjoint open sets mapping densely
(Theorem 7).
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1. Introduction
In mid-1970s, Boris Shapirovskii proved his celebrated theorem on the maps onto Tikhonov cubes (see [8]), thereby
giving a radical and definitive extension of the ˇCech–Pospišil theorem (see [3], but also [0] for the crucial countable
case). Around the same time he asked the following question, kindly communicated to us by Professor Leonid Shapiro
during the 9th Prague International Topological Symposium (August 2001).
Shapirovskii’s Question. Suppose X,Y are compact Hausdorff spaces and f :X  Y is a continuous surjection.
Suppose also that
(∗) (∀x ∈ X) πχ(x,X) > w(Y ).
Do there exist F0, F1 ⊆ X, two closed disjoint sets, with f (F0) = f (F1) = Y ?
The answer was known to Shapirovskii as positive when the domain space X was either (a) extremally discon-
nected, or (b) dyadic. In fact, it was a pinpointed conjecture related to the following general question encountered in
algebraic topology and spectral theory of compact spaces:
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two disjoint closed sets in the domain mapping onto?
We use [5–7] as general references for definitions and notation. We denote by TX the family of all non-empty open
subsets of a topological space X.
2. Basic results
Definition 1. We say that a family F of non-empty open sets is cover refining (n-cover refining, finite-cover refining)
if every open cover (every open cover of size n, every finite cover) of X contains a superset of a member of F . The
minimal size of such a family denote here by cr(X) (crn(X), crfin(X)), the cover refining number(s) of X.
Obviously, (1 = cr1(X)) cr2(X) cr3(X) · · · crfin(X) cr(X) πw(X), and of course, if X is compact,
then crfin(X) = cr(X).
Definition 2. minπχ(X) = min{πχ(p,X): p ∈ X}.
Proposition 3. cr(X) = minπχ(X).
Proof. R⊆ TX is cover refining iff {U ∈ TX: (∀R ∈R) R ⊆ U} is not a cover of X iff R is a π -base for some point
in X. This does not require the Axiom of Choice. 
The following dichotomy holds in compact Hausdorff spaces.
Lemma 4. Let X be a compact Hausdorff space and R ⊆ TX a family of open sets closed under finite non-empty
intersections. Then either R is a local π -base at some point of X, or, else, there are disjoint open sets U , V each
meeting all members of R, i.e. ∀R ∈R, R ∩ U = ∅ = R ∩ V .
Proof. Consider
S = {R ∈R: (∃U,V ∈ TX) U ∩ V = ∅,
(
(∀R1 ∈R) (R1 ⊂ R → R1 ∩ U = ∅ = R1 ∩ V )
)}
.
In words, S consists of those members R of R such that R  R is split by a pair of disjoint open sets. Let F be
a maximal disjoint subfamily of S . It follows, because R is closed under intersections, that there are disjoint open
U,V ⊆⋃F such that (∀R ∈R) (R ∩ (⋃F) = ∅ → R ∩ U = ∅ = R ∩ V ). If (∀R ∈R) R ∩ (⋃F) = ∅, we are in
the second clause of the lemma.
So assume the opposite and fix R ∈ R with R ∩ (⋃F) = ∅. Aiming at finding a point p ∈ X such that R is a
π -base at p, consider
G = {U ⊆ R: U ∈ TX and (∀R1 ∈R) (R1 ⊆ R → U ∩ R1) = ∅
}
,
and note that G is closed under finite intersections:
let U1,U2 ∈ G, and U = U1 ∩ U2. Suppose ∃R1 ∈ R,R1 ⊆ R,R1 ∩ U = ∅. Let P = R1 ∩ U1, Q = R1 ∩ U2.
Since R1 ∩ U = ∅,P ,Q are disjoint; since R1 /∈ S,∃R2 ∈ R,R2 ⊆ R1 with R2 ∩ P = ∅ or R2 ∩ Q = ∅. Now,
R2 ∩ P = R2 ∩ U1 = ∅, and R2 ∩ Q = R2 ∩ U2 = ∅, by U1,U2 ∈ G; contradiction.
Next, by compactness, pick a point p ∈⋂{U : U ∈ G}.
Claim. R is π -base at p.
Let p ∈ V ∈ TX . By regularity of X, it is enough to show that (∃R1 ∈R) R1 ⊆ V . If not, ∀R1 ∈R with R1 ⊆ R
(R \ V ) ∩ R1 = R1 \ V = ∅. Therefore, R \ V ∈ G, implying p ∈ R \ V and contradicting p ∈ V . 
Definition 5. In the second clause of the lemma we will say that R is split by a pair of disjoint open sets.
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its compact environment, we have the following immediate corollary.
Theorem 6. If X is a locally compact Hausdorff space and the set of points of X of π -character at most κ is nowhere
dense, then every family of open sets of size κ can be split by disjoint open sets.
Theorem 7. Under the Shapirovskii’s condition () there are two disjoint open subsets of X, each mapping densely
into Y .
Proof. minπχ(X) > w(Y ) implies that R = {f −1(V ): V ∈ TY } is not a local π -base at a point of X, hence the
second clause of Lemma 4 applies. 
The known case (a) of Shapirovskii’s question follows.
Corollary 8. If X is extremally disconnected, then the answer to the Shapirovskii’s question is yes.
The author is grateful to Frank Tall for directing his attention to the initially omitted dyadic case and thinks that
the following is a plausible reconstruction of Shapirovskii’s argument.
Theorem 9. (Shapirovskii) Let X be dyadic with πχ(x,X) κ+ for every x in X. Let R ∈ [TX]κ . Then there are two
disjoint closed sets F0, F1 each meeting every member of R.
Proof. Let φ : 2μX and R= {Rα: α < κ} ⊆ TX .
(1) Since φ is continuous, ∀α ∈ κ∃sα ∈ Fn(μ,2) such that [sα] ⊆ φ−1Rα .
(2) ∃I ∈ [μ]κ∀α dom(sα) ⊆ I .
(3) Pick any a :μ \ I → 2. Let [a] = {f ∈ 2μ: a ⊆ f } and K = φ[a].
(4) Then K is a closed (and nowhere dense) subset of X meeting each Rα .
(5) It is sufficient to show that πχ(K,X) κ+, which we will proceed to do.
(6) By Shapirovskii’s Lemma 5 on p. 153 of [8], ∃H∅ = H ⊆closed K with sπχ(H,X) = πχ(K,X).
(7) On the other hand, πχ(H)w(H)w(K)w([a]) = w(2I ) = κ . (This is the only place where dyadicity is
used.)
(8) By another lemma of Shapirovskii, Lemma 4 on p. 152 of [8], for any x ∈ H = ∅, κ+  πχ(x,X) πχ(x,H) ·
sπχ(H,X) κ · sπχ(H,X), and this implies that πχ(K,X) = sπχ(H,X) κ+, as required. 
To summarize what we know up to this point, clearly, if R is a π -base of some open set in X, then R cannot be
split by a pair of disjoint open sets. If X is compact Hausdorff, by Lemma 4, this implies that R is a local π -base for
some point in X, equivalently, that R refines covers. In turn, this implies that R refines 2-covers, which is, obviously,
equivalent to that R is not split by a pair of disjoint closed sets.
The last simple observation has the following application (cf. Theorem 7).
Theorem 10. For any continuous map from any topological space X onto any topological space Y such that cr2(X) >
πw(Y ), there are two disjoint closed subsets of X mapping densely into (and in compact case onto) Y .
This theorem shows that the inequality contained in it is precisely responsible for the positive answer to the
Shapirovskii’s question. Thus No to his question depends on the possibility of (minπχ(X) =) cr(X) > cr2(X).
3. Zero-dimensional case, including a counterexample
We observe that our cr numbers defined in terms of covers are just general topological counterparts of the Boolean
“reaping” parameters traditionally defined in terms of partitions of unity. Indeed, it is very easy to see that, for a
Boolean space X, they are identical:
crn(X) = rn(X) and cr(X) = crfin(X) = rfin(X).
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and Simon’s [2] (D-S-W [4] contains a systematic study of such examples). One of the main results of the Balcar and
Simon’s paper [2] can be restated topologically as follows.
Theorem 11. (Balcar and Simon [2]) For any infinite cardinal κ there is a zero-dimensional compact X with κ =
cr2(X) < crfin(X) = κ+.
Corollary 12. There is a counterexample to Shapirovskii’s question.
Proof. X in the theorem is Boolean. The 2-cover refining family there can be assumed to consist of clopen sets. It
generates a subalgebra of the clopen algebra of X. The space of ultrafilters of this subalgebra is the target space of the
surjective continuous map given by the Stone Duality. 
In the positive direction, following the work of Balcar and Simon in [1,2], Dow, Stepra¯ns and Watson discovered
a completely straightforward and satisfying argument in [4], but only for Boolean, that is, compact zero-dimensional,
spaces.
Theorem 13. (Dow, Stepra¯ns and Watson [4]) For every 0-dimensional compact X, cr(X) cr2(X)+.
It follows (using Proposition 10) that one cardinal up modification of Shapirovskii’s conjecture is true in the class
of Boolean spaces.
Corollary 14. Suppose X, Y are compact Hausdorff spaces, X is zero-dimensional, and f :X → Y is a continuous
surjection. Suppose also that (∀x ∈ X) πχ(x,X) > w(Y )+. Then there exist F0,F1 ⊆ X, two disjoint closed sets,
with f (F0) = f (F1) = Y .
4. General case
The original argument in Section 3 of [4] for the Boolean-algebraic version of Theorem 13, quoted above, admits
the following straightforward extension which involves neither zero-dimensionality, nor compactness.
Theorem 15. Suppose that X is a normal topological space and cr2(X) κ  ω, equivalently, that there is a family
R⊆ TX of size κ such that for every two disjoint closed sets there is R ∈R which meets at most one of those. Then
there exists a family S ⊆ TX of size |S|  κ+ such that for every finite family of disjoint closed sets there is S ∈ S
which meets at most one of those closed sets.
Proof. We repeat verbatim the arguments in Section 3 of [4]. The core of the argument is in Lemma 3.3 of [4]. To do
the same in our setting of this lemma, it is sufficient to assume that the disjoint closed sets of our theorem are regular
closed. But this is possible by the normality of the space X. 
Nevertheless, the following question stands open.
Question 16. Can the “zero-dimensional” clause be removed from Corollary 14 (or even from Theorem 13)?
To give this question a framework, we conclude by stating explicitly a rough a priori cardinal estimate, undoubtedly
known to Shapirovskii, namely that if the condition () in the Shapirovskii’s question is replaced by minπχ(X) >
2w(Y ), then the answer is positive. This is an immediate consequence of the following proposition.
Theorem 17. minπχ(X) = cr(X) 2cr2(X), for X compact Hausdorff.
Proof. Let R ∈ [TX]κ . We will show that if minπχ(X) is greater than 2κ , then R can be split by two disjoint closed
sets. Let K be a set of points of size κ meeting each R in R. Let C = K . It is enough to show that πχ(C,X) > κ .
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parts (6) and (8) in the proof of Theorem 9, we obtain πχ(C,X) > 2κ which is even more than we need. 
It should be noted that the zero-dimensional case of this theorem was proved, using a different argument, by Balcar
and Simon in [2] (Theorem 4) and improved by Dow, Stepra¯ns and Watson in [4] (quoted as Theorem 13 below).
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